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Chapter 1
Marosopi phase oherene and
Josephson eet
In this Chapter we onsider systems, that at rst glane may seem very dierent: (i)
superondutors, whih at temperatures larger than the ritial temperature Tc (Tc in
onventional superondutors is of order of a few K) turn metalli and are desribed
by the Fermi Liquid theory, (ii) superuid liquid He: bosoni
4
He, Tc = 2.17K and
fermioni
3
He, Tc = 0.0025K; and (iii) Bose-Einstein ondensates of old alkali atoms
(with Tc of the order of nano Kelvin). All these systems have one important property
in ommon - at low temperatures they possess marosopi oherene.
In previous Chapters it was disussed that a superonduting state is a state with
a broken U(1)symmetry and is thus haraterized by a omplex order parameter
Ψ = Ψ(r) = |Ψ(r)|eiφ(r) (1.1)
whih represents a marosopi wave funtion of a superondutor. The presene of the
order parameter means that at any given moment the phase dierene of Ψ-funtions
between any two marosopially separated points in the superondutor is xed, so
that the whole sample aquires marosopi phase oherene, or in other words, long-
range order develops. One an desribe a ondensate of old bosons or a superuid He
system in a similar way, sine these systems are also phase oherent.
Phase oherene leads to a number of spei quantum eets. For example, in
superondutors it auses the quantization of magneti ux rst onsidered by London.
One of the most elebrated manifestations of the phase oherene property is however
the Josephson eet whih is the subjet of the urrent Chapter.
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Chapter 2
Josephson Eet in superondutors
In 1962 Brian Josephson predited a urious eet ourring in a system of two weakly-
linked superondutors [1℄. He demonstrated that a diret urrent an ow between
two superondutors oupled via an insulating thin layer although no external voltage
is applied. Furthermore, he showed that an external voltage would give rise to a rapidly
osillating urrent. Josephson's theory of a urrent indued between two superondu-
tors was rather fast onrmed experimentally [2℄.
The Josephson eet an be understood by the following simple onsiderations.
First of all it is important to observe that a gradient of the phase gives rise to a urrent
j =
Nse~
2m
∇φ, (2.1)
where Ns is the number of superonduting eletrons. Imagine now that instead of a
uniform superondutor we deal with a superondutor with impurities: point-like, ran-
domly distributed non-magneti impurities. As we know, for an s-wave superondutor
impurities do not aet the ritial temperature, they do not destroy phase oherene
in a superondutor (in aordane with Anderson's theorem [3℄). As a onsequene
superurrents (2.1) an ow through the system without a problem. This situation does
not hange if instead of impurities distributed in the bulk we have impurities distributed
solely in a plane inside a superondutor (Fig.2.1(a)).
Superurrents proportional to the the xed phase gradient an ow through the
plane, even though the mean spaing between the impurities is smaller than the oher-
ene length of a superondutor. This intuitively lear piture an be generalized to
the ase of a somewhat more ompliated system: two superondutors separated by a
thin insulating layer. This nontrivial generalization was realized by Josephson and led
him to the predition of two eets named after him: a.. and d.. Josephson eets.
These Josephson eets are pure quantum phenomena, beause eletrons travel from
one superondutor to the other by means of quantum mehanial tunneling through
the barrier separating the two superonduting systems. The presene of a barrier, or
inhomogeneity leads to the fat that the phase has a jump at the barrier (Fig. 2.1()).
The superurrent through the barrier is then driven by the phase dierene φ = φ2−φ1.
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Figure 2.1: Superondutor with an impurity plane inside (a). Superurrent will per-
sist even if the plane is replaed by a thin insulating layer (b). The phase jump at the
barrier separating two superondutors ().
Thus, a superurrent an ow between two superondutors provided they are separated
by a suiently thin insulating layer. This eet is referred to as rst or stationary,
or d.. Josephson eet. In this ase the potential dierene through the barrier is
equal to zero. Note, that while the superonduting oherene length is of the order of
ξ ∼ 104 Å, the thikness of the insulting layer should be of the order of 10− 20 Å, i.e.
thousands of times smaller than ξ.
When a nite voltage bias V is applied to an SIS juntion, the seond, non-stationary
or a.. Josephson eet an be observed. In this ase the urrent will be osillating
between the two superondutors with a frequeny ω proportional to the applied bias
~ω = 2eV. (2.2)
Sine in a superondutor eletrons are bound into Cooper pairs, these pairs par-
tiipate in the tunneling aross a barrier between two superondutors. The energy
2eV is then just the dierene in the energy of a Cooper pair in passing from one
superondutor to the other.
One an estimate a Josephson urrent from simple eletrodynami onsiderations
[4℄. First of all we observe, that the appearane of a urrent in the system is related
to the exess energy ∆E = E(φ)−E(φ = 0) assoiated with the juntion between the
two superondutors. It is lear that ∆E should be proportional to the produt of two
superonduting gaps ∆1∆2, beause if one of superondutors is absent, the exess
energy vanishes. Apart from that the exess energy should be real, one an therefore
onjeture its simplest possible form as follows
∆E = α
∫
dxdy
(
|∆1∆2| − 1
2
(∆1∆
∗
2 + c.c.)
)
= 2α
∫
dxdy|∆1∆2|(1− cosφ), (2.3)
where α is a phenomenologial onstant desribing the oupling between the two su-
perondutors in the x− y juntion plane.
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One an derive now from the gauge invariane priniple that the superurrent is
proportional to (sinφ). The gauge invariane requires the replaement
∇φ→∇φ− 2e
~c
A, (2.4)
where A is the vetor potential. For simpliity we an hose the vetor potential
perpendiular to the x − y plane, so that integration along that axes of the r.h.s. of
(2.4) gives
φ1 − φ2 − 2e
~c
∫ R
L
dzAz, (2.5)
where φ1 is the phase of the left superondutor, and φ2 is the phase of the right
superondutor. The exess energy beomes
∆E = 2α
∫
dx dy|∆1∆2|
[
1− cos
(
φ1 − φ2 − 2e
~c
∫ R
L
dzAz
)]
. (2.6)
Variation of this energy with respet to the potential gives
δ(∆E) = −2e
~c
α
∫
dx dy dz |∆1∆2| sin
(
φ1 − φ2 − 2e
~c
∫ R
L
dzAz
)]
δAz. (2.7)
From eletrodynamis we know that
δE = −1
c
∫
j δA dV, (2.8)
and we get for the superurrent
j =
2e
~
α|∆1∆2| sin
(
φ1 − φ2 − 2e
~c
∫ R
L
dzAz
)
. (2.9)
For zero vetor potential we obtain the famous expression for the Josephson urrent
j = jc sin(φ1 − φ2). (2.10)
The urrent vanishes for φ1 − φ2 = 0. The so-alled ritial urrent jc should be
alulated mirosopially (see Setion 3).
The basi result (2.10) an be obtained in a dierent way. The following derivation
in terms of a two-level system is due to Feynman [5℄. As we disussed already, eah
superondutor an be onsidered as a marosopi quantum state desribed by a wave-
funtion Ψ1,2 (1.1). Sine the oupling between the superondutors is very weak, the
state vetor desribing the oupled system an be written in a simple form
|Ψ〉 = Ψ1|1〉+Ψ2|2〉. (2.11)
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The density of superonduting eletrons in the left (right) superondutor, desribed
by the state |1〉 (|2〉) is dened as
ni = |Ψi|2 = 〈i|Ψ〉〈Ψ|i〉, (2.12)
i = 1, 2. The Shrödinger equation of motion for the state vetor (2.11) reads
i~∂t|Ψ〉 = H|Ψ〉, (2.13)
with the Hamiltonian
H = H1 +H2 +Hint. (2.14)
Here Hi = Ei|i〉〈i|, (i = 1, 2) and the oupling between the superondutors an be
written in analogy with (2.3)
Hint = −α
2
(|1〉〈2|+ |2〉〈1|). (2.15)
Projetion of the Eq. (2.13) on the two states gives the equations of motion for two
weakly oupled superondutors
i~∂tΨ1 = E1Ψ1 − α
2
Ψ2,
i~∂tΨ2 = E2Ψ2 − α
2
Ψ1. (2.16)
Remembering that Ψi an be expressed in terms of superonduting densities (see
(2.12))
Ψi =
√
nie
iφi , (2.17)
we an derive the nal equations in terms of the densities and phases
∂tn1 =
α
~
√
n1n2 sin(φ1 − φ2) = −∂tn2, (2.18)
∂t(φ2 − φ1) = 1
~
(E1 −E2) + α
2~
n1 − n2√
n1n2
cos(φ1 − φ2). (2.19)
For equal densities n1 = n2 ≡ n we get
∂t(φ2 − φ1) = 1
~
(E1 −E2). (2.20)
The pair urrent density is given by
j ≡ ∂n1 = −∂n2 = jc sin(φ1 − φ2). (2.21)
with jc = αn/~ for equal densities. One should note, that the densities n1 and n2 are
onsidered to be onstant (we will see that this is not the ase in a Bose Josephson jun-
tion), their time derivative is however not onstant due to the presene of the external
urrent soure whih ontinuously replaes the pairs tunneling aross the barrier.
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The presene of the potential dierene V is easily taken into aount in our equa-
tions. In two isolated superondutors the energy terms are given by the hemial
potentials Ei = 2µi (i = 1, 2). A d.. potential dierene will shift these hemial
potentials by eV , so that E1 −E2 = 2eV , and Eq. (2.19) beomes
∂t(φ2 − φ1) = 2eV
~
. (2.22)
The two equations (2.21) and (2.22) onstitute two main relations of the Josephson
eet, whih we disussed at the beginning of this Setion. For V = 0 the phase
dierene is onstant, so that a nite urrent density with a maximum value jc an ow
through the barrier with zero voltage drop aross the juntion. This is the essene of
the d.. Josephson eet. With a nite potential dierene V applied to the juntion
there appears an alternating urrent
j = jc sin(φ0 +
2e
~
V t) (2.23)
with a frequeny (2.2). This orresponds to the a.. Josephson eet.
In the following we derive the mirosopi expression for the ritial Josephson
urrent.
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Chapter 3
Mirosopi derivation of a ritial
superonduting urrent
The mirosopi approah for the alulation of ritial urrent was suggested by An-
derson [6℄, and Ambegaokar and Barato [7℄. Their method is based on the so-alled
tunneling Hamiltonian. In this approah the details of the interfae are not taken into
aount and instead two weakly oupled superondutors desribed by Hamiltonians
H1 and H2 in the absene of tunneling are onsidered, whose oupling in the rst order
perturbation theory is desribed by the tunneling term in the Hamiltonian HT
H = H1 +H2 +HT . (3.1)
HT has a simple form
HT =
∑
pqσ
Tpqa
†
pσbqσ + T
∗
pq
b†
qσapσ, (3.2)
where a are the fermioni operators of the left superondutor, and b are the fermioni
operators of the right superondutor, σ is a spin index, p and q are the momenta
of eletrons. Due to the time-reversal invariane of the Shrödinger equation (t→ −t,
Ψ → Ψ∗) the matrix elements Tpq have the property Tpq = T ∗−p,−q. The Hamiltonian
(3.2) onserves the number of partiles in the system N1 +N2, where
N1 =
∑
pσ
a†
pσapσ, N2 =
∑
pσ
b†
pσbpσ. (3.3)
The urrent is related to the hange of the number of partiles with time and is
therefore by denition
I = e〈N˙1〉 = −e〈N˙2〉. (3.4)
The equation of motion for the operator Ni reads
i~N˙i = [Ni, HT ], (3.5)
9
where we took into aount that the operator Ni ommutes with H1 and H2 (i = 1, 2).
With (3.5) the expression for the urrent (3.4) beomes
I = −ie
~
(∑
pqσ
Tpq〈a†pσbqσ〉 − T ∗pq〈b†qσapσ〉
)
. (3.6)
One an proeed with the derivation of the Josephson urrent in several ways, see for
instane [4, 8, 9℄. Here we suggest a rather straight-forward derivation based on the
nonequilibrium Keldysh tehnique [10, 11℄. We apply then our general results to a
problem of a stationary Josephson urrent between two superondutors.
tIm
Re t
C
C
t
0
1
−
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−
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Figure 3.1: The Keldysh path on the time-plane along whih the nonequilibrium Green's
funtion is dened.
One an introdue the so-alled Keldysh Green's funtion [10℄ whih is dened in
the following way
GK
qpσ(t, t
′) = 2i〈a†
pσ(t
′)bqσ(t)〉. (3.7)
The Keldysh Green's funtion (3.7) is a part of a general path-ordered Green's funtion
Gpqσ(t, t
′) = −i〈TC bqσ(t)a†pσ(t′)〉, (3.8)
whih is dened on a so-alled Keldysh ontour C = C1 + C2 showed in Fig. 3.1, TC is
a time-ordering operator along this ontour. It is onvenient to separate the Keldysh
ontour on the upper (C1) and lower (C2) ontours and to present the funtion (3.8) in
a matrix form
Gˆ =
(
G11 G12
G21 G22
)
, (3.9)
where indies 1 and 2 refer to the upper or lower Keldysh ontour respetively. By
applying the usual rotation operator
R =
1√
2
(
1 1
−1 1
)
(3.10)
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to the matrix (3.9): Gˆ → R−1GˆR we get the nonequilibrium Green's funtion in the
Larkin-Ovhinnikov representation [12℄
Gˆ =
(
GR GK
0 GA
)
. (3.11)
The relation between G11, G12, G21, G22 and retarded G
R
, advane GA and Keldysh
GK Green's funtions an be trivially derived from (3.9) and (3.10). For details see
[10, 11℄.
The Keldysh Green's funtion (3.7) is useful, beause we an immediately express
the urrent (3.6) in terms of suh funtions
I = − e
2~
∑
pqσ
(
TpqG
K
qpσ(t)− T ∗pqGKpqσ(t)
)
. (3.12)
One an readily see that [GK
pqσ(t)]
∗ = −GK
qpσ(t), so that the expression for the urrent
beomes even simpler
I = − e
~
Re
[∑
pqσ
TpqG
K
qpσ(t)
]
. (3.13)
We need thus to alulate the Keldysh Green's funtion GK
qpσ(t). For simpliity we
proeed with our alulations in the rst order of perturbation theory. We also onsider
only Gpq↑ funtion, beause Gpq↓ an be derived analogously.
The Green's funtion of the system desribed by the Hamiltonian (3.1) in the rst
order of perturbation theory reads
G
(1)
pq↑(t, t
′) = −i〈TC
(
1− i
∫
C
dτHT (τ)
)
bq↑(t)a
†
p↑(t
′)〉. (3.14)
Aording to the BCS theory only eletrons with opposite momenta and spins are
allowed to pair, hene we get the expression
G
(1)
pq↑(t, t
′) = T−p,−q〈TC
∫
C
dτbq↑(t)b−q↓(τ)a
†
−p↓(τ)a
†
p↑(t
′)〉. (3.15)
We assume, that in the simplest approximation the ritial superurrent is arried by
Cooper pairs, and by applying Wik's theorem [13℄ to (3.15) we get
G
(1)
pq↑(t, t
′) = −T−p,−q
∫
C
dτ F↑↓(q, t− τ)F↓↑(p, τ − t′). (3.16)
Here we introdued anomalous Gor'kov funtions for a superondutor [13℄
F↑↓(q, t− t′) = −i〈TC bq↑(t)b−q↓(t′)〉
F↓↑(p, t− t′) = −i〈TC a†−p↓(t)a†p↑(t′)〉. (3.17)
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These Green's funtion do not depend on the sign of momentum p, but the order of
spin indies does matter (replaing ↑↓ with ↓↑ will give an extra minus sign).
In a lengthy but straightforward alulation [11℄ one an extrat the Keldysh part
of the matrix Green's funtion (3.16)
[G
(1)
pq↑(t, t
′)]K = −T ∗pq
∫ ∞
−∞
dτ [FR↑↓(q, t− τ)F
K
↓↑(p, τ − t′) + FK↑↓(q, t− τ)F
A
↓↑(p, τ − t′)],
(3.18)
The Fourier transformation of this expression gives
[G
(1)
pq↑(ω)]
K = −T ∗pq[FR↑↓(q, ω)F
K
↓↑(p, ω) + FK↑↓(q, ω)F
A
↓↑(p, ω)]. (3.19)
The urrent then beomes
I =
2e
~
Re
[∑
pq
|Tpq|2
∫ ∞
0
dω
2π
(
FR↑↓(q, ω)F
K
↓↑(p, ω) + FK↑↓(q, ω)F
A
↓↑(p, ω)
)]
, (3.20)
the fator of 2 appears beause the ontribution from GK
pq↓ is equivalent to the on-
tribution from GK
pq↑.
This expression simplies greatly in equilibrium, in whih ase the Keldysh Green's
funtion an be expressed as
GK(ω) = (GR(ω)−GA(ω))(1− 2f(ω)), (3.21)
where f(ω) = (eω/T + 1)−1 is the Fermi distribution funtion. Hene we get
I =
2e
~
Re
[∑
pq
|Tpq|2
∫ ∞
0
dω
2π
tanh
( ω
2T
)(
FR↑↓(q, ω)F
R
↓↑(p, ω)− FA↑↓(q, ω)F
A
↓↑(p, ω)
)]
.
(3.22)
Substituting the expliit expressions for the retarded and the advaned Gor'kov
funtions [13℄ we obtain
I =
2e
~
Re
[∑
pq
|Tpq|2
∫ ∞
0
dω
2π
tanh
( ω
2T
)( −∆q
(ω + iδ)2 − ǫ2
q
− |∆q|2
−∆∗
p
(ω + iδ)2 − ǫ2
p
− |∆p|2
− −∆q
(ω − iδ)2 − ǫ2
q
− |∆q|2
−∆∗
p
(ω − iδ)2 − ǫ2
p
− |∆p|2
)]
. (3.23)
We assume that superonduting gaps in the left and right leads are momentum-
independent ∆q ≡ ∆1 and ∆p ≡ ∆2, and their produt gives ∆1∆∗2 = |∆1||∆2|eiφ,
where φ is the phase dierene between two superondutors. We also take into a-
ount that the integrand is purely imaginary, so that the urrent beomes
I =
2e
~
|∆1||∆2|(i sin(φ))
[∑
pq
|Tpq|2
∫ ∞
0
dω
2π
( 1
(ω + iδ)2 − ǫ2
q
− |∆1|2
1
(ω + iδ)2 − ǫ2
p
− |∆2|2
− 1
(ω − iδ)2 − ǫ2
q
− |∆1|2
1
(ω − iδ)2 − ǫ2
p
− |∆2|2
)
tanh
( ω
2T
) ]
. (3.24)
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We thus derived mirosopially that the urrent between two superondutors is pro-
portional to sinφ
I = Ic sinφ, (3.25)
where Ic is the ritial superurrent
Ic =
2ie
~
|∆1||∆2|
∑
pq
|Tpq|2
∫ ∞
0
dω
2π
( 1
(ω + iδ)2 − ǫ2
q
− |∆1|2
1
(ω + iδ)2 − ǫ2
p
− |∆2|2
− 1
(ω − iδ)2 − ǫ2
q
− |∆1|2
1
(ω − iδ)2 − ǫ2
p
− |∆2|2
)
tanh
( ω
2T
)
. (3.26)
Using standard rules of ontour integration we an replae the integral over ω by a sum
over disrete Matsubara frequenies ωn = (2n+ 1)πT [9℄
Ic =
4e
~
|∆1||∆2|T
∑
pq
|Tpq|2
∞∑
n=−∞
1
ω2n + ǫ
2
q
+ |∆1|2
1
ω2n + ǫ
2
p
+ |∆2|2 . (3.27)
The summation over p and q an be replaed by an integral, whih an be taken
Ic =
4π2e
~
|∆1||∆2|N1(0)N2(0) |T0|2 T
∞∑
n=−∞
1√
ω2n +∆
2
1
1√
ω2n +∆
2
2
, (3.28)
where N1(0) and N2(0) are the densities of states at the Fermi energy in the normal
state of left and right lead orrespondingly. When the two gaps are equal to eah other
∆1 = ∆2 ≡ ∆, this expression takes a simple form
Ic =
2π2e
~
∆ N1(0)N2(0) |T0|2 tanh
(
∆
2T
)
. (3.29)
One usually introdues the so-alled resistane of the tunneling juntion in the normal
state Rn
1
Rn
= 4πe2N1(0)N2(0) |T0|2, (3.30)
so that
IcRn =
π∆
2e
tanh
(
∆
2T
)
. (3.31)
In Fig. 3.2 we depit the temperature behavior of the Josephson ritial urrent Ic,
normalized by πTc/2eRn. In order to obtain this dependene we had to solve the
standard BCS gap equation, and we present the temperature dependene of the gap in
the same Fig. One an see, that the ritial urrent is monotonously dereasing with
temperature rather similar to the gap behavior. Near Tc the urrent is proportional to
∆2 and is therefore linear in (Tc − T ).
At zero temperature the ritial superurrent for superondutors with dierent
gaps is
I0c =
2∆1(0)∆2(0)
eR[∆1(0) + ∆2(0)]
K
( |∆1(0)−∆2(0)|
∆1(0) + ∆2(0)
)
, (3.32)
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where K(x) is a omplete ellipti integral of the rst kind. In ase of ∆1(0) = ∆2(0) ≡
∆0 we get a simple expression
I0cRn =
π
2e
∆0. (3.33)
0 0.2 0.4 0.6 0.8 10
0.5
1
1.5
2
T/T
 c
I
 c
Figure 3.2: Josephson ritial urrent dened by Eq. (3.31) in the units of πTc/2eRn
(solid line). The dashed line shows the temperature dependene of the BCS gap ∆/Tc.
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Chapter 4
Josephson eet in Bose-Einstein
ondensates
Figure 4.1: Bose Josephson juntion: two Bose-Einstein ondensates are trapped in an
external double-well potential Vext.
Condensates of old alkali atoms [14, 15℄ provide a unique opportunity to realize
and to ontrol Josephson eet in a weakly interating bosoni system. It was rst
predited in [16℄. A weak link between two ondensates an be realized in a double-well
external potential Vext (Fig. 4.1). An interating system of bosons onned in suh a
potential is desribed by a general Hamiltonian
H =
∫
dr Ψˆ†(r, t)
[
− ~
2
2m
▽
2 + Vext(r)
]
Ψˆ(r, t)
+
1
2
∫
dr
∫
dr′Ψˆ†(r, t)Ψˆ†(r′, t)V (r− r′)Ψˆ(r′, t)Ψˆ(r, t). (4.1)
Here Ψˆ(r, t) is the bosoni eld operator and V (r− r′) is a two-partile interation.
At low temperatures an experimentally realized gas of bosons is very dilute and par-
tiles are weakly interating, one an therefore introdue a ontat interation between
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the partiles
V (r− r′) = gδ(r− r′), (4.2)
where g = 4π~2as/m with as being the s−wave sattering length. Aording to the
Bogoliubov approximation one an onsider the bosoni eld operator as a sum of a
lassial eld (ondensate wave funtion, representing the ondensate order parameter)
and exitations
Ψˆ(r, t) = Ψ(r, t) + δΨˆ(r, t). (4.3)
In the mean-eld desription we an neglet the exitations due the smallness of the
interation term, so that our Hamiltonian beomes essentially lassial
H =
∫
dr Ψ†(r, t)
[
− ~
2
2m
▽
2 + Vext(r)
]
Ψ(r, t) +
g
2
∫
drΨ†(r, t)Ψ†(r, t)Ψ(r, t)Ψ(r, t).
(4.4)
For the Josephson eet to our only a small overlap of the ondensate wave-funtions
is suient, and we an assume that the ondensate wave-funtion Ψ(r, t) is given by
the sum of the order parameters for eah well [17℄
Ψ(r, t) = Ψ1(r, t) + Ψ2(r, t) = ϕ1(r)ψ1(t) + ϕ2(r)ψ2(t). (4.5)
Here ϕ1(r) and ϕ2(r) are the ground state solutions for isolated traps [17, 18℄, and
ψi(t) = Ni(t)e
iφi(t)
(4.6)
is the omplex ondensate order parameter with Ni being the number of partiles in the
i-th well, and φi is the phase of the ondensate in the same well. With these notations
the Hamilton funtion (4.4) takes the form
H = E1N1 + E2N2 +
U1
2
N21 +
U2
2
N22 + 2J
√
N1N2 cos(φ), (4.7)
where φ is the phase dierene between the wells,
Ui = g
∫
dr|ϕi|4, (4.8)
Ei =
∫
dr
(
~
2
2m
|▽ϕi(r)|2 + ϕ2i (r)Vext(r)
)
, (4.9)
and J is the Josephson oupling
J = −
∫
dr
(
~
2
2m
▽ϕ1(r)▽ϕ2(r) + ϕ1(r)ϕ2(r)Vext(r)
)
. (4.10)
One an reexpress the Hamiltonian (4.7) in terms of a partile imbalane n
n =
N1 −N2
N1 +N2
(4.11)
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so that the eetive (dimensionless) Josephson Hamiltonian reads
H =
Λ
2
n2 −
√
1− n2 cosφ+∆E n. (4.12)
We see that in this ase only two parameters determine the behavior of the system: the
eetive interation
Λ = (U1 + U2)(N1 +N2)/(4J) (4.13)
and the eetive hemial potential dierene
∆E =
E1 − E2
2J
+
(U1 − U2)(N1 +N2)
4J
. (4.14)
As the partile number operator nˆ and phase operator φˆ are anonially onjugated
variables, in the lassial ase one an identify a orresponding Poisson braket with
their ommutator. We an then derive the orresponding equations of motion for the
partile imbalane and phase dierene
n˙ = −∂H
∂φ
, φ˙ =
∂H
∂n
. (4.15)
As a result we get
n˙ = −
√
1− n2 sinφ, (4.16)
φ˙ = Λn+∆E +
n√
1− n2 cosφ. (4.17)
These equations an be solved exatly in terms of the ellipti funtions [20℄. In Fig.
4.2 we show the numerial solutions of the equations (4.17) for ∆E = 0. One an
observe a qualitative hange in the osillations after Λ exeeds a ertain rossover
value Λc. For initial onditions as in Fig. 4.2 Λc ∼ 10. For Λ < Λc the time-average of
the partile imbalane is zero: 〈n〉t = 0. For larger values of Λ the partile imbalane
osillates around a nite value (in ase of Fig. 4.2 〈n〉t = 0.4). It means that on
average the number of partiles in one well is larger than the number of partiles in
the other well. This urious quantum phenomenon was termed marosopi quantum
self-trapping (MST) [17℄. This behavior an be also seen in a phase portrait in Fig.4.3,
showing the onstant energy trajetories for dierent Λ. The running trajetories ()
and (d) orrespond to MST.
The ourrene of the MST phenomenon is readily understood if one remembers
that the anonial Josephson Hamiltonian (4.12) in the small n limit
H =
Λ
2
n2 − cosφ+∆E n (4.18)
an be mapped onto a pendulum Hamiltonian with tilt angle φ, dimensionless angular
momentum pφ = n, inverse mass Λ and applied torque ∆E [15℄. For small n the bosoni
17
Figure 4.2: Temporal osillations of the partile imbalane n and phase dierene φ for
Λ = 5 (a), Λ = 9 (b), and Λ = 11 (). Initially n(0) = 0.6 and φ(0) = 0.
-2 -1 0 1 2
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0
0.2
0.4
0.6
n
φ/pi
(a)
(b)
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(d)
Figure 4.3: Phase spae plot: (a), (b) and () for same parameters as in Fig.4.2, (d) is
for Λ = 11, n(0) = −0.6, φ(0) = 2π.
juntion supports small-amplitude Josephson plasma osillations with the frequeny
ω =
√
Λ/(2J) Fig. 4.4(a). A rotation of the pendulum in Fig. 4.4(b) orresponds to
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ωφ
φ
(b)(a)
Figure 4.4: Analogy with pendulum osillations: MST state orresponds to the ase (b),
while standard Josephson osillations of a bosoni juntion to the ase (a).
the MST-state with a running phase. It is also easy to understand the wiggles in the
phase dynamis in Fig. 4.2 (), as the pendulum always slows down at its highest point.
The physial behavior of the Bose Josephson juntion desribed by the Hamiltonian
(4.12) is more ompliated due to the additional fator
√
1− n2. In the language of
pendulum analogy it means that the length of the pendulum is not rigid anymore, but
varies with time. This leads to additional xed points in omparison with the previous,
simple example (for a detailed desription see [20, 19℄).
The value of Λc whih determines the rossover to the MST state is dened by the
ondition
H0 ≡ H(n(0), φ(0)) = Λ
2
n(0)2 −
√
1− n(0)2 cos(φ(0)) > 1, (4.19)
so that
Λc = 2
1 +
√
1− n(0)2 cos(φ(0))
n(0)2
. (4.20)
It means that Λc an be relatively easy ontrolled in an experiment by varying the
initial onditions for two ondensates. This property was used by experimentalists and
the predited in [17℄ behavior of the Bose Josephson juntion was suessfully observed
experimentally [21℄. Josephson osillations of the partile imbalane with 〈n〉t = 0
were observed for n(0) ≈ 0.28(6) and φ(0) ≈ 0. The MST regime was ahieved with
n(0) ≈ 0.62(6) and φ(0) ≈ 0, the parameter Λ in both ases is estimated to have a xed
value of 15(3).
The analogue of a.. and d.. Josephson eet disussed for superondutors in
Setion 2 has been reently observed in a Bose Josephson juntion [22℄.
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Chapter 5
Josephson eet in superuid He
Sine superuid Helium possesses phase rigidity, one would expet the Josephson eet
to our between two weakly oupled Helium systems. Although liquid Helium was
disovered more than seventy years ago (in 1937 by P. Kapitsa, J. F. Allen and D.
Misener), it took a long time before the Josephson eet has been nally observed:
in 1997 in superuid
3
He [23℄ and in 2001 in
4
He [24℄. The main obstale for the
observation of the eet is a very small oherene (healing) length of Helium: 50 nm
for
3
He and even smaller, of the order of 0.1 nm for 4He. It took thus almost 60 years
to overome two main tehnial diulties: (i) the reation of the weak link itself - a
struture with small apertures with dimensions of the sale of the oherene length, (ii)
measurement of tiny mass urrents whih would ow through suh a struture due to
the Josephson eet.
Note, that in ase of liquid Helium, one an not apply an external eletromagneti
potential dierene to the system, as in the ase of superondutors, neither an one
modify the trapping potential to simulate this eet as in Bose-Einstein ondensates
of old atoms. For Helium the role of external potential V is played by pressure P , so
that both Josephson relations (2.21) and (2.22) remain the same with hemial potential
dierene proportional to pressure:
∆µ =
∆Pm
ρ
. (5.1)
Here m is the mass of either the 4He atom, or twie the 3He atomi mass (3He is a
fermioni system and its superuidity is indued by oupled fermions), ρ is the liquid
density. Applied pressure dierene will indue therefore an osillating mass superur-
rent with the frequeny ωf = ∆Pm/ρh.
In the experiment [23℄ two
3
He systems are separated by a membrane with numer-
ous apertures only 100 nm in diameter. The healing length at the given experimental
temperature was slightly exeeding the aperture diameter. The great number of aper-
tures (more than 4000) served to oherently inrease the monitored superurrent, whih
was otherwise too tiny to be resolve in the measurement. Another soft membrane on-
trolled by an applied bias was used in order to reate an external pressure dierene.
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Any displaements of the membrane due to the superurrent were monitored. Finally,
the signals of the superurrent frequeny obtained in this way were amplied and on-
neted to audio head-phones, and the listener ould literally hear the eet of oherent
quantum osillations between weakly oupled superuids. It sounded like a whistle
smoothly drifting from high to low frequeny while the pressure relaxed to its zero
value. The dependene of the superurrent frequeny on ∆P has been found to be
perfetly linear [23℄.
In
4
He the regime of ordinary Josephson osillations aross an aperture was for a long
time believed to be unobservable due to the strong utuations of the order parameter
in the volume with dimensions of the order of oherene length. In the experiment, how-
ever, all the diulties have been reently overome and a lear, unsmeared signature
of Josephson osillations has been found [24℄.
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Chapter 6
Outlook
X S S SS
(a) (b)
Figure 6.1: Two examples of mesosopi strutures in whih Josephson eet plays
a role: heterostruture with a normal or ferromagneti layer embedded between two
superondutors: X=N,FM (a); or a quantum dot oupled to superonduting leads (b).
The Josephson eet, predited and disovered in the 1960-s in superonduting
systems, opened a broad avenue of a new researh area related to this phenomenon,
whih is still very ative. It is impossible to mention in a short review all the interesting
subelds whih deal in one or another way with the Josephson phenomena. We give
therefore just a few examples.
In addition to the ontributions due to Cooper pair tunneling disussed in Setion
2, one should take into aount quasi-partile terms [2℄, whih we did not onsider.
Those ontributions are espeially important for the nonstationary Josephson eet,
i.e. in ase of the nite voltage applied to the juntion. Many other eets inuene
the behavior of the partile tunneling between two superondutors: various impurities,
magneti elds, inhomogeneities, dierent pairing symmetries [2, 8℄.
Many interesting phenomena arise due to the so-alled proximity eet [25℄: super-
ondutivity penetrates up to a ertain length sale into the neighboring normal, or
ferromagneti material (X=N,FM as in Fig. 6.1(a)). In the ase of S-X-S heterostru-
ture, shown in Fig. 6.1(a) the layer between two superondutors does not need to be
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very thin for a superurrent to our (for reviews see [25, 26, 27, 28℄). Due to the new
experimental disoveries in superuid Helium [23, 24℄, the question arises whether an
equivalent of an S-N-S struture an be reated also in these systems.
Another interesting system is a quantum dot oupled to two superonduting leads
shown in Fig. 6.1(b) (for review on the transport through quantum dots see for instane
[29℄). One an onsider a similar arrangement in a bosoni system [30℄.
Finally, a fundamental physial problem is a nonequilibrium Josephson eet. For
example, in a bosoni system it is easily realized, as the barrier between the two wells
onning ondensates is ramped up in a nonadiabati way [21℄. This gives rise to quasi-
partile exitations out of the ondensate [31, 32℄. One an then develop a desription
in terms of the Keldysh Green's funtions [32℄, whih we mentioned in the ontext of
the superonduting Josephson juntion in Setion 2.
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